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Abstract 

We study the behavior of square-central elements and Artin-Schreier elements in 
division algebras of exponent 2 and degree a power of 2. We provide chain lem¬ 
mas for such elements in division algebras over 2-fields F of cohomological 2- 
dimension cd 2 (F) < 2, and deduce a common slot lemma for tensor products of 
quaternion algebras over such fields. We also exfend fo characferisfic 2 a fheorem 
proven by Merkurjev for characferisfic nof 2 on fhe decomposifion of any cenfral 
simple algebra of exponenf 2 and degree a power of 2 over a field F with cd 2 (f) < 2 
as a tensor product of quaternion algebras. 
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1. Introduction 

A quaternion algebra over a field F is an algebra of fhe form 
[a,yS) = F[x,y : X +x-a,y - ^,yxy - x + \] 
for some a e F and /I € F^ if char(f) = 2, and 

(a,/3) = F[x,y \ x^ - a,y^ - j3,yxy~^ = -x] 
for some a,p e F^ if char(f) 2. 

The common slof lemma for quaternion algebras states that for every two iso¬ 
morphic quaternion algebras (a,/3) and {a',13') there exists /?" € F^ such that 
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(a,jS) = {a,13") = {a',13") = {a',13') (see llJac96L Lemma 5.6.45 & Corollary 
5.6.48]). 

A noncentral element v in a quaternion F-algebra is square-central if e F^. 
If char(F) = 2, a noncentral element v is Artin-Schreier if -i- v G F. For every 
two Artin-Schreier elements v and w in a quaternion algebra there exists a square- 
central element t such that vt + tv = tw + wt - t.\f char(F) 2, the square-central 
elements are the “pure quaternions”. For every two square-central elements v and 
w in a quaternion algebra there exists another square-central element t such that 
vt = -tv and tw = -wt. The common slot lemma is an immediate result of this 
fact, which we refer to as the chain lemma for square-central or Artin-Schreier 
elements. 

We extend the notions of square-central and Artin-Schreier elements and their 
chain lemmas to any algebra of degree a power of 2 and exponent 2. The notion of 
common slot lemma extends naturally to any tensor product of quaternion algebras. 
In characteristic not 2, a common slot lemma and a chain lemma for square- central 
elem ents in tensor products of two quaternion algebras were provided in iSivl2l] 
and nCVlSll . respectively. Equiva lent results in characteristic 2 were provided in 
nChalSL Section 3.3]. In iChalSll a common slot lemma was provided for tensor 
products of quaternion algebras over fields F with cd 2 (F) < 2. However, a chain 
lemma for the square-central elements was not provided, and the length of the chain 
was not computed. 

In this paper we prove several facts about square-central and Artin-Schreier 
elements, and in particular we provide a chain lemma for them in division algebras 
of exponent 2 over 2-fields F wifh cd 2 (F) < 2. We fhen deduce fhe common slof 
lemma for tensor producfs of quaternion algebras over such fields and bound fhe 
lengfh of fhe chains from above by 3, which is equal fo fhe maximal lengfh of such 
chains for biquaternion algebras over arbitrary fields. We make use of I Kah90l 
Theorem 3] on fhe decomposifion of any cenfral simple algebra of exponenf 2 and 
degree a power of 2 over a field F wifh cd 2 (F) < 2 as a tensor producf of quafernion 
algebras, which was proven in fhaf paper for characferisfic nol 2 and we prove if 
here also for characferisfic 2. 


2. Preliminaries 

Quadratic forms play a major role in fhe sfudy of cenfral simple algebras of 
exponenf 2. By IqF we denote fhe group of Wiff equivalence classes of even di¬ 
mensional nonsingular quadrafic forms over fhe field F. Every such form is iso- 
mefric fo [ai, Zji] J. • • • J. [a„j, b,n) for some integer m and a\,b\,... ,a,„, b,n e F 
if char(F) = 2, and {a\,..a 2 m) for some a\,..., a 2 m e F^ if char(F) 2. The 


2 















expression [a, b\ stands for the quadratic form au^ + uv + bv^, {a\,..., an) stands 
for the diagonal form aiu^^ + ■ ■ ■ + a„u^, and -L is the orthogonal sum of forms. 

The discriminant (also known as the Arf invariant in characteristic 2) is denoted 
by 5 and defined as follows: If char(F) - 2, 6 maps IqF to the additive group 
F/{a^ + a : a G F} by 


6{[ax,b\] J. ■ • ■ ± [am,bm\) = ai^i + • • ■ + ajj^- 
If char(F) + 2,6 maps IqF to the multiplicative group F^f{F^)^ by 
6{{au...,a2,n)) = (-l)'"ai ...a2m 


(see IIEKMOSL Section 13]). 


The subgroup of IqF of forms with trivial discriminant is denoted by I^F. We 
follow the traditional abuse of notation of writing / e I^F when we actually mean 
that the Witt equivalence class of / belongs to I^F. 

The Clifford algebra of a quadrafic form / is defined fo be 

C(/) ^ F[Xu. ..,X2m-iUiXi+--- + U2mX2mf = 

^ f{Ui,...,U2m) Sui,...,U2m^F^- 

For / e IqF wifh dim(/) = 2m, fhis algebra is a cenfral simple algebra of exponenf 
2 and degree 2“. The Clifford invarianf c(/) of / is fhe Brauer class of C(/) in 
Br 2 {F). Resfricfed fo I^F, fhe Clifford invarianf is an epimorphism from I^F fo 


Br 2 {F) wifh kernel IqF (see llMerS Ih for char(F) + 2 and llSah72ll for char(F) = 2). 


For / e IqF one has C(/) = M2{E{f)) wifh E{f) a cenfral simple algebra over F 
of degree 2'"“^ isomorphic fo a fensor producf of quafernion algebras. 

The cohomological 2-dimension of F, denofed by cd 2 (F), is by defi nifion < 2 
if 


\L, 


= 0 for every finife field exfension LjF an d n>2 (s ee IIFKM08 


Section 101.B]). The laffer holds if and only if I^L = 0 (see iIeKMOSL Facf 16.2]). 


If cd 2 (F) < 2 fhen /|F = Br 2 {F). 

A field exfension KjF is excellenf if for every form / over F fhere exisfs a 
quadrafic form f over F such fhaf is isomefric fo fhe anis ofropic p art of /k- 
In parficul ar every quadrafic field exfension is excellenf (see iIeKMOSL Example 
29.2] and iMM95L Lemrn a 1]). A 2-field is a field wifh no non frivial o dd degree 
exfensions. (In IIEKMOSll such fields are called 2-special.) In iMer9lL Theorem 
4] inferesfing examples of fields F wifh cd 7 ( F) - 2 w ere consfrucfed. The odd 
closure F' of such F also has cd 2 (F') = 2 (see I EKM08 . Example 101.17]). 

The following lemma will be used lafer on: 


Lemma 2.1. For any field extension KjF, if f ^ IqF and /k £ 
exists f' e I'^F such that ff - /k- 


IqK then there 
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Proof. Let 5 be a representative of the discriminant of /. 

Assume char(F) = 2. On the one hand 6 e F. On the other hand, 5 = + u 

for some u € K because fx e I^K. Now, / - {ai,b\\ J. • • • J. [a„,Z7„] for some 
a\,b\,... ,a„,bn € F. Without loss of generality we can assume ai F 0. Set 
f = \a\,b\ + a~^S\ J. • • • J. \a„, b^]. Because of the discriminant, /' e l^F. 

We shall now prove that ff ~ fx- Since all the summands are the same except 
the first one, we shall prove that under the scalar extension, the first summands in 
both forms are isometric. 

[ai,b\ + aj 5]x = + xy + {b\ + 6)y ^ afx + xy + {aib\ + S)y ) 

a\{{x + uy)^ + (x + uy)y + {a\b\ + 6)y^) = afx^ + xy + aibiy^) ^ \ai,b\\x 

(The first isometry is obtained by replacing y with aiy.) 

Assume char(F) F 2. On the one hand 6 e F^. On the other hand, 6 = for 
some u € because fx e l^K. Now, f - {a\,, a,,} for some a\,.. .,a„ e F^. 
Set /' = ( 6 ^^ 01,02 ... ,a„}. Because of the discriminant, /' £ I^F. It is obvious 
that ^ fx- □ 


3. Square-central and Artin-Schreier elements 

Let A be a division algebra of exponent 2 and degree 2" over a field F for some 
n > 2. In this section we prove a couple of facts about square-central and Artin- 
Schr'eier elements in A without restricting the cohomological dimension of F. If 
char(F) F 2 and x is square-central then any element t in the algebra decomposes 
into to + t\ such that to = \(.t + xtx^^) commutes with x and ti = ^(t - xtx“^) 
anti-commutes with x. If char(F) = 2 and x is Artin-Schreier then any element t in 
the algebra decomposes into to -i- 1 \ such that to = xt -i- tx -i-1 commutes with x and 
ti = xt -I- tx satisfies xti -i- tix = ti. 

Lemma 3.1. Assume A is a division algebra of degree 4 and exponent 2. Let x and 
x' be two commuting elements in A with F[x] F F[x']. lfchai{F) - 2 then assume 
X is either Artin-Schreier or square-central and x' is Artin-Schreier. lfchai{F) F 2 
assume that x and x' are square-central. Then A decomposes as Q\ ® Q 2 such that 
X €. Q\ and x' e Q 2 . 

Proof. Assume char(F) = 2. The involution on F[x, x'] mapping x' to x' - 1 - 1 
and X to X -I- 1 if X is Artin-Schreier and to x if x is square-central extends to A. 
Denote this involution by r. Then t restricts to an involution of the second kind 
on the centralizer C(x') (a quaternion algebra over F[x']), and it commutes with 
the canonical involution y on this algebra. Therefore, y o r is an automorphism of 
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order 2 on C(x'), and the algebra of fi xed points i s a quaternion algebra Qi over F 
containing x and centralizing x'. (See iIkMRTQSL Proposition 2.22].) 

T he proo f in characteristic not 2 can be written in a similar way, or concluded 
from I CV13 . Proposition 3.91. □ 


Proposition 3.2. Assume F is a 2-field and A is a division algebra of exponent 2 
and degree 2" over F. If chdx{F) = 2 then for any two Artin-Schreier elements in 
A there exists an element, either Artin-Schreier or square-central, commuting with 
them both. If char{F) F 2, for any two square-central elements in A there exists a 
square-central element commuting with them both. 

Proof. Assume char(F) = 2. Let x,t be two Artin-Schreier elements in A. Now, 
t - to + t\ where to commutes with x and t\ satisfies xti -i- tix = t\. The element 
-\- t = t^ + t\tQ -V toti -I- tj -t to + L decomposes similarly as To -i- Ti where To 
commutes with x and T\ satisfies xTi -i- Tix = Ti. Clearly To = tg -i- tj -i- to and 
T\ = tito -t toti -I- ti. However, t^ -i-1 is central, which means that Ti = 0 and so 
hto + toh = h- If L =0 then x and t commute and the statement is trivial. If 
t\ F 0 then f [x, t] = K{x, t\\ where K is the field extension generated over F by 
tj and X -I- to. Clearly .^f[x, ti] is a quaternion algebra over K. If the K - F then 
A - F{x, t]®Ao. Now Ao is of degree 2”“' and therefore it contains a field extension 
of degree 2”“' of th e center, and since F is a 2-field it contains a quadratic field 
extension of F (see iEKMOSL Proposition 101.15]), which is generated by either a 
square-central or Artin-Schreier element. This element commutes with x and t. If 
K F F then it must be of degree a power of 2. Since F is a 2-field, K must contain 
a quadratic field extension of F which is generated by either a square-central or 
Artin-Schreier element. This element commutes with x and t. 

Assume char(F) F 2. Let x,t be two square-central elements in A. Now, 
t = to + 0 where to commutes with x and ti anti-commutes with x. The element 
t^ = t^-v t\to + tot\ -V tj decomposes similarly as Fq -i- Fi where Fq commutes with 
X and T\ satisfies xT\ = -T\x. Clearly To - i^-t-1^ and T\ = t\to + toO- However, 
t^ is central, which means that Fi = 0 and so ti to = -tot \. If ti = 0 then x and t 
commute and the statement is trivial. If ti F 0 then F[x, t] = K{x,t\\ where K is 
the field generated over F by tj and xto- Clearly K{x,t\\ is a quaternion algebra 
over K. \f K - F then A = F[x, t] ® Aq. Now Aq is of degree 2"“^ and therefore 
it contains a field extension of degree 2”“' of the center, and since F is a 2-field 
it contains a quadratic field extension of F, which is generated by a square-central 
element. This element commutes with x and t.\f K F F then it must be of degree 
a power of 2. Since F is a 2-field, K must contain a quadratic field extension of 
F which is generated by a square-central element. This element commutes with x 
and t. □ 
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4. Fields of cohomological dimension 2 


The following fact appeared in llKah90L Theorem 3] under the assumption 
char(F) 4^ 2: 


Theorem 4.1, Let F be a field with cdiCF) < 2. For any form f e I^F, E{f) 
is a division algebra if and only if f is anisotropic. As a result, every algebra of 
exponent 2 and power 2"” is isomorphic to E{f) for some f € l^F, and therefore 
decomposes as the tensor product of quaternion algebras. 


Proof. By the remark preceding this theorem, we can assume char(F) = 2. First 
we show that every from / e I^F is universal (i.e. represents every element of F): 
Let D{f) denote the set of nonzero elements represented by /. Since cd 2 (f) < 2 
and f ± bf e l^F for any b e F^, we have / - bf. This means F^D{f) c D{F) 
and so D(/) = F^. 

Now we show that if / e IqF is an anisotropic form of dimension at least 6 and 
fK is isotropic for some K - F[x : x^ + x = al\ then //^ = H ± /o where H is a 
hyperbolic plane and /o is anisotropic: Since fK is iso tropic, f = (/' ® [1, u]) -L /o 
for some bilinear form /' and anisotropic form /q (see IeKMOSL Proposition 34.8]). 
The dimension of /' is equal to the Witt index of fK- If the dimension of /' is 
greater than 1 then it contains a subform f of dimension 2, and then (/> ® [l,a] 
is a proper subform of /. This proper subform is in I^F, which means that it is 
universal, and so / is isotropic, contradiction. 

Let / be a form in I'^F. Clearly if / is isotropic then E{f) is not a division alge¬ 
bra. Therefore assume that / is anisotropic. We want to s how that £( f) is a division 
algebra. According to Springer’s classical theorem (see EKMOSl Corollary 18.5]) 
/ remains anisotropic under odd degree extensions. Therefore fp' is anisotropic 
where F' is the odd closure of F. Since Elfp’) = E{f) ® F', it is enough to prove 
that Eifpt) is a division algebra. Assume f is a 2-field then. 

If E{f) is split then since I^F = Br 2 {F), f is hyperbolic. Assume then that 
E{f) is nonsplit. Hence the dimension of / is at least 4. If / is of dimension 4 then 
it is known that / is th e norm fo rm of the algebra £"(/), which is a quaternion alge¬ 
bra, and according to EKMOSl Corollary 12.5] a quaternion algebra is a division 
algebra if and only if its norm form is anisotropic. Therefore assume the dimension 
of / is 2m > 6. 

We use induction on m. Since f is a 2-field wifh cd 2 (F) < 2, any finife field 
exfension K/F is also a 2-field wifh cd 2 (A') < 2. The induction hypofhesis is fhaf 
for each 2 < t < m and every 2-field L wifh cd 2 (L) <2, iff is an anisofropic form 
in IqL of dimension 2t fhen £"(0) is a division algebra. Since £(/) is nonsplif, if is 
a mafrix algebra over a nonfrivial division algebra of degree a power of 2 over F. 
This algebra confains a nonfrivial field exfension of F, and since £ is a 2-field, fhis 
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field extension contains a quadratic field extension ^ of f. Since the dimension of 
/ is at least 6, the dimension of the anisotropic part of fx is 2(m-1). Now, K is also 
a 2-field with cdiC^) ^ 2, so by the induction hypothesis, E{fK) is of index 2““^. 
On the other hand, the index of E{f) is at least twice the index of E{f)®K = E{fK), 
which means that it must be 2'”“'. Consequently, E{f) is a division algebra. □ 


The following theorem extends llBarl4 Theorem 3.3] which presents a similar 
decomposition on the symbol-level for division algebras of exponent 2 over fields 
of cohomological 2-dimension 2 and characteristic not 2: 


Theorem 4.2. Let E be a field with cd 2 (T’) < 2, and Abe a division algebra over 
E of exponent 2 and degree 2” for some n > 2. Let x and x' be two commuting 
elements in A with f[x] E{x'\ ^char(F) = 2 then assume x is either Artin- 
Schreier or square-central and x' is Artin-Schreier. If char(F) 2 assume that 
they are both square-central elements. Then A = Qi ® Q2 ® ® Qn such that 

X e Q[ and x' e 22 - 


Proof Let B be the centralizer of E{x, x'] in A. It is enough to prove that B - 
E{x, some central simple algebra B' over E, because then A - Aq^B' 

(see iIkMRTQSL Theorem 1.5]) where Aq = Ca{B) is a degree 4 central simple 
algebra of exponent < 2 containing x and x' and therefore it decomposes as Qi<E>Q2 
such that X e Qi and x' e Q2 according to Lemma ITTI and B' decomposes as 
23 ® ® according to Theorem 14. II 

Let / be the unique quadratic form in I^E with E{f) = A. In particular, / is 
anisotropic. However, ff[x] is isotropic, because A ® F[x] is not a division algebra. 
Since quadratic extensions are excellent, there exists g e IqE such that gF[x\ is 
isometric to the anisotropic part of fpix], and according to Lemma 12.11 we can 
assume g G I^E. 

Now, E{gf[x]) = Ca{.E[x\) anAgf[x\ is anisotropic. However g77[j|.y] is isotropic. 
Assume char(F) = 2. Then gF[x\ = (f> E d[l,x'^ -v x'] for some d e E[x\ and 
(p e IqE{x\ such that (Pfua’] is the anisotropic part of gF[x,x'^- Since cd 2 (f) < 2, 
gF[x] E dgF[x] is hyperbolic, which means that gF[x] ~ dgF[x\, and hence we can as¬ 
sume d - \. Therefore f is isometric to the anisotropic part of gF[x\ E [1, + x']. 

Since g E [l,x'^ -1- x'] is in IqE and F[x]/F is excellent, there exists f' in IqE 
such that is isometric to f. Now, f'p[xx’^ x'], and therefore ac¬ 

cording to Lemma l2A] there exists r in I'^E such that tf[x,x'} is isometric to f'p^xx’y 
Consequently, B is a restriction of E{t) to E{x, x']. 

Assume char(F) 2. Then gF[x^ - cp E d{\, -x'^) for some d e F[x] and (p e 
IqE{x\ such that (pF[x,x’^ is the anisotropic part of gF[x,x’^- Since cd 2 (T’) < 2, gF[x] -L 
-dgF[x\ is hyperbolic, which means that gF[x] - dgp[x\, and hence we can assume 
d - Therefore (p is isometric to the anisotropic part of gp[x\ E {-\,x'^). Since 
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g ± is in IgF and F[x]/F is excellent, there exists in IqF such that 

is isometric to (p. Now, is in I^F[x,x'^, and therefore according to Lemma 

12. II there exists r in I^F such that is isometric to (p'p[xx’V Consequently, B 

is a restriction of E{t) to F{x, x']. □ 

Corollary 4.3. ^char(F) = 2 then for every two commuting Artin-Schreier ele¬ 
ments x,x' e A with f [x] L’[x'] there exists a square-central element z such that 

xz-i- zx - x'z + zx' = z- Ifchar{F) t 2, for every two commuting square-central el¬ 
ements x,x' e A there exists a square-central element z anti-commuting with them 
both. 

Proof Since A = 2i ® 22 ® ® where x e Q\ and x' G Q 2 , there exist 

square-central elements y e 2i and y' e Q 2 such that y^,y'^ e F and xy - 1 - yx = y 
and x'y' - 1 - y'x' = y' if char(F) = 2, and yx = -xy and y'x' - -x'y' if char(F) t 2. 
Take z-yy'. □ 

Corollary 4.4. If chw{F) - 2, x e A is square-central, x' G A is Artin-Schreier 
and xx' = x'x, then there exist a square-central element z and an Artin-Schreier 
element w such that wx + xw = x and wz + zyv = z = x'z + zx' = z- 

Proof Since A = Q\® Q 2 ® • • • ® Qn where x G 2i and x' G Q 2 , there exists an 
Artin-Schreier element w G 2i which satisfies wx - 1 - xw = x and wx' = x'w. From 
here on we can apply Corollary 14.31 □ 

From now on assume we focus on 2-fields. 

Theorem 4.5. Let F be a 2-field with cd 2 {F) < 2, and Abe a division algebra over 
F of exponent 2 and degree 2'' for some n > 2. //'char(F) = 2 then for every two 
Artin-Schreier elemetns x and x' in A there exists either a chain x, yi, xi, y 2 , x' such 
that xi is Artin-Schreier, yi and y 2 are square-central and xyi -i-yix = xiyi -i-yixi = 
yi and x'y 2 +y 2 -*^ - xiyz +y 2 -^i = y 2 > or a chain x,yi, xi,y 2 , X 3 ,y 3 , x' with similar 
properties. If char{F) 4^ 2 then for every two square-central elements x and x' in A 
there exists a chain of square-central elements x = xq, xi, X2, X3, X4 = x' such that 
XiXi+i = -Xi+iXifor each 0 < i <3. 

Proof. Assume char(F) 4 2. According to Lemma 13.21 there exists a square- 
central element X 2 which commutes with them both. According to Corollary 14.31 
there exists a square-central element x\ commuting with x and X 2 , and a square- 
central element X 3 commuting with X 2 and x'. 

The proof in characteristic 2 is similar, making use of Corollaries 14.31 and 14.41 


We say that two quaternion algebras Q and Q' over F share a common slot if 
for some a,b,c £ F, either Q = [a, b) and Q' = [a, c) or Q - \a, b) and Q' = [c, b) 
if chai‘(F) = 2, or 2 = {a, b) and Q' = (a, c) if char(F) 2. We say that two tensor 
products of quaternion algebras and share a common slot if there 

exist i and j such that Qi and Q'j shai'e a common slot. 

Theorem 4.6. Let F be a 2-field with cd 2 {F) < 2. For every two isomorphic 
tensor products of quaternion algebras over F, and there exists a 

chain such that every two adjacent tensor prod¬ 

ucts share a common slot. 

Proof. If is not a division algebra then it is isomorphic to M 2 {F) ® Q'^ ® 

• • • ® Qn for some quaternion algebras Q”. If char(F) = 2, write Q\ - \a,b) and 
= \a',b') for some a, a' € F and b,b' e F^. Then M 2 {F) is isomorphic to 
both [a, 1) and [a', 1). If char(F) 2, write Q\ = {a,b') and 2' = {a',b') for some 

a, a', b, b' € F^. Then M 2 {F) is isomorphic to both (a, 1) and (a', 1). The required 
chain is obtained as a result. 

Assume ^ division algebra. Write Q\ = F[x,y : x^ -v x - a,y^ - 

b, xy + yx - y^ and Q 2 - F{x',y' : x''^ + x' - a',y'^ = b',x'y' -t-y'x' - y'] if 

char(F) - 2, and Q\ - F[x,y : x^ - a,y^ = b,xy = -yx] and 2' = F[x',y' : 
x'^ - a,y'^ = b,x'y' = -y'x'] if char(F) ^ 2. If char(F) = 2 then there exists 
an element z, either square-central or Artin-Schreier, commuting with x and x'. 
If char(F) 2 there exists a square-central element z commuting with x and x'. 
Therefore, according to Theorem 14.21 A is isomorphic to where x e Q" 

and z ^ Q 2 , and A is also isomorphic to Q"' where x' e Q'fi and z e Q'fi. The 
required chain is obtained as a result. □ 
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